5th-generation mobile network systems operating in millimeter-wave bands will employ base stations with integrated active antenna systems. Such systems are capable of beam-tracking using narrow beams obtained from antenna arrays. Regulatory limits for unwanted radio frequency and Over-The-Air methods for TRP of unwanted emissions are needed. The method investigated here uses power density measurements on a spherical surface in an anechoic chamber. Two major challenges with such a method are: need for a large number of angular points and search for a worst case antenna configuration per frequency for electrically large devices at high frequencies. These challenges are addressed by investigating sparse sampling and use of beam sweeping. Finally, it is investigated how and in which spatial regions near-field tangential electric field measurements can be used to assess TRP.
I. INTRODUCTION
5th Generation Mobile Network Systems (5G systems) [1] are envisioned to use Multi User Multiple-Input-Mutiple-Output (MU-MIMO) and advanced beam forming techniques enabled by tightly integrated active antenna arrays. This integration implies that Radio Frequency (RF) emissions cannot be measured at the antenna port [1] - [4] . For milli-meter Waves (mmWs), the Federal Communications Commission (FCC) has already adopted a novel approach by setting the unwanted emission limits in terms of Total Radiated Power (TRP), instead of traditional Equivalent Isotropically Radiated Power (EIRP) limits [5, p. 106] . A similar approach is agreed in 5G standardization [1, sec. 9.7 ]. However, a standardized methodology for evaluating the TRP of the unwanted emissions is not yet established. One method for TRP evaluation is integration of far-field radial power flux density around the Equipment Under Test (EUT) placed in an anechoic chamber. This method presents practical challenges such as long test time and large test distance.
For lower frequencies and electrically small antennas the Reverberation Chamber (RC) is a well established method [6] - [8] for TRP-measurements. However, at higher frequencies the current status and availability at test facilities is limited. The scope of this paper is anechoic chambers [9] .
Total test time to prove compliance with the regulatory limits is of major concern to regulators, manufacturers and test labs. Test time is directly proportional to the number of necessary test points in both frequency and spatial domain, and the total number of device configurations to be tested.
According to present regulations, the domain of spurious emissions for mmW devices ranges from a few tens of MHz up to 100 GHz or more [1] , [5] . Performing measurements on dense spherical grids in this spectrum requires very long test time compared to conductive testing. An important step is the pre-scan [10] which is used to efficiently identify the frequencies of potentially high emissions. These emissions require further and more detailed investigations. The pre-scan is not treated here and it is assumed that the relevant frequencies can be found. However, ideas of this paper can be used as a basis for a pre-scan procedure.
A key parameter for the test time is the angular step needed to assess the TRP with reasonable error. The number of needed test points for a negligible error is proportional to (D/λ) 2 , where D is the diameter of the EUT and λ is the wavelength [11] . This leads to impractical measurement time for large devices and high frequencies. Therefore, sparse angular sampling is investigated. To adopt to simpler test facilities, measurements in a few cuts are also considered.
5G MU-MIMO systems employ large antenna arrays with individual phase and amplitude control per antenna element. The number of possible antenna configurations in these systems can be huge. Current regulations indicate the need to find the worst case antenna configuration. This requirement might lead to a lengthy exhaustive search through all states of the antenna system. A remedy to this problem is to use a beam sweeping test signal. Such a test signal will also relax the requirements on angular steps.
Traditional Electromagnetic Compatibility (EMC) testing is based on far-field parameters such as the EIRP. This implies measurements at distances larger than the far-field distance 2D 2 /λ. The far-field distance for a mmW base station can be larger than 10 meters and even reach a hundred meters in some cases which is impractical in most measurement facilities. Hence, near-field measurements are inevitable and are consequently investigated.
The paper is organized as follows: Sec. II introduces the needed concepts. In Sec. III the trade-off between accuracy and the number of angular points is investigated. The effect of beam sweeping is presented in Sec. IV, and in Sec. V nearfield aspects are discussed. The conclusions can serve as a guidance to regulatory approval of upcoming mmW devices.
II. DEFINITIONS AND BASIC RELATIONS
Total Radiated Power (TRP) is by definition power radiated by the antenna [12, Fig. 1 ]. Here total emphasizes that a sum of partial contributions from a complete set of polarizations is to be used. Moreover, it is a function of frequency and antenna configuration. To assess the TRP, the outgoing power flux density is integrated over a measurement surface. The measurement surface must be chosen to enclose the power source. If the antenna is detachable, the measurement surface can be selected as the cross section of the connector at the point of detachment. On the other hand, if the antenna is FIGURE 1. Convergence of TRP as the SF is varied from 1 to 3.5, evaluated for different electrical sizes D/λ and uniformly excited N × N element URAs in the yz-plane as depicted in Fig. 4 . integrated [12] , the measurement surface needs to enclose the entire EUT. This leads to Over-The-Air (OTA) testing. In this case, TRP can be obtained from integration of the normal component of the power flux density on the measurement surface.
The magnitude and direction of the power flux density is given by the Poynting vector S. Using time-harmonic fields and effective values, 1 the time average of the Poynting vector is [13] 
where E and H are the electric and magnetic fields, respectively, and r is the radius vector representing a point in space.
In this investigation only spherical measurement surfaces will be considered. = rr(θ, φ).
Here,x,ŷ andẑ denote three orthogonal unit vectors of a xyz Cartesian coordinate system. 2 Decompose the fields in transverse (subscript t) and radial (subscript r) parts,
This leads to
Note that only the tangential components contribute to the radial power flux density S r . The presence of radial fields in the near-field region introduces a possible measurement error if the Measurement Antenna (MA) and measurement setup have non-ideal characteristics, e.g. non-planar wave fronts are measured or the MA is mis-aligned. In the far-field region [12] the radial power flux density is 2 The radius r is the length of r, θ is the angle from the positive z-axis to r and φ is the angle from the positive x-axis towards the projection of r onto the xy-plane.
Here, Z 0 is the free space wave impedance. This relation holds also in most of the radiating near-field, cf. Section V.
The TRP is calculated as
The integration is over the entire sphere, 3 i.e., solid angle = 4π . In the far-field region the EIRP is defined as
This can be used to express TRP as
This also follows from
If power flux density is correctly measured in the near-field and (6) is used without taking the limit r → ∞, the result will not be proper EIRP values. However, if these results are used in (7) the resulting TRP value will be correct. The angular steps needed to correctly characterize the average value of a power density pattern is analyzed in Appendix A. These steps are denoted reference angular steps and are calculated as
Here, R sph and R cyl are the radii of the minimum sphere and z-axis centered cylinder, enclosing the sources of radiation, respectively. These angular steps must be used with 2D Fourier based integration (see Appendices A and B) for a practically negligible error. Using (13) will cause a small additional integration error. The required angular steps are the same both in the radiating near-field and in the far-field region [11] . To quantify sampling on a sparse grid an SF is used. The SF is defined as
Where θ and φ are the used angular step in θ and φ directions, respectively. The maximum angular step is set as 15 • = π/12 radians to be consistent with [9] . This implies that SF ≤ SF max = π R sph /6λ.
The convergence of TRP is shown in Fig. 1 . Moreover, θ ref = 15 • is equivalent to D sph /λ = 12/π ≈ 4. Therefore, a split between small and large source dimensions is made at D ≈ 4λ.
III. SAMPLING GRID
According to (5) and (7) 
where · fs denotes full sphere angular average and r 0 is the radius of the measurement sphere. Thus, assessment of TRP is about estimating full sphere averages. The accuracy of the estimate depends on: the angular grid type, the angular density of measurement samples, the antenna dimensions, and the degree of correlation between the sources 4 of radiation. For highly correlated and separated sources, the angular patterns will have a high directivity, whereas for uncorrelated sources the directivity will be lower [15] , [16] . The lower the directivity, the more uniform the angular pattern is. This means that lower angular density can be used. Two types of measurement grids are investigated: fullsphere, and multiple orthogonal cuts. The full-sphere grid uses constant angular steps in θ and φ. In multiple orthogonal cuts, two or three orthogonal cuts around the EUT are used. The actual choice of grid type and the angular resolution is based on practical aspects such as turntable constraints and required measurement time.
The contribution from the grid to the TRP is
where · grid denotes angular average over the used grid. For a full sphere the grid average is calculated as
where N θ and N φ are the number of points in θ and φ and m = | sin θ m | θ φ is the solid angle per sample. For an orthogonal cuts grid
using N = 2 or 3 orthogonal cuts with samples u (p) in the p-th cut. To account for the error made when not measuring a dense full sphere, an additional correction factor TRP is introduced as
For a dense full sphere grid SF = 1 and TRP = 0. Note that for regulatory approval it is required that the TRP is lower than certain limits. Therefore, TRP must be chosen in a way that covers for cases where TRP grid is smaller than the true TRP in order to prevent false pass test results. On the other hand if TRP grid is by construction an overestimate of the TRP, no correction factor is needed.
To investigate the effect of angular sampling, a statistical approach is used. The statistical samples are generated in two different ways depending on the antenna size. For small antennas (D ≤ 4λ) EIRP patterns are generated by selecting random Spherical Wave Expansion (SWE) coefficients with appropriate truncation. For large antennas, planar rectangular arrays with random excitations and orientations are used.
A. ELECTRICALLY SMALL SOURCES
Electrically small sources have dimensions of only a few wavelengths. Here the upper bound is set such that the corresponding reference angular step θ ref ≥ 15 • [9] which is equivalent to D ≤ (12/π)λ ≈ 4λ. Note that any EUT can be regarded as electrically small at sufficiently low frequencies. For this case an analysis based on an SWE is used, see App. VI and [11] . An appropriate mode truncation is L = kR sph ≈ 12, where k = 2π/λ is the wavenumber. The total number of modes becomes
To analyze the effect of sparse sampling on the TRP error a statistical analysis is used. Each statistical sample is generated by the following sequence 1) Select number of modes N ≤ J to use.
2) Set modes to use by selecting N integers randomly in the range 1, 2, . . . , J . 3) Assign random weights w n = x n + jy n where x n , y n are real normally distributed random numbers with zero mean. Normalize to unit TRP by using (32). 4) Calculate EIRP(θ, φ) on the desired grids by using selected Sparsity Factors (SFs). Note that picking random modes implicitly selects random source rotations.
The statistics for 10,000 samples is depicted in Fig. 3 . If a two cut grid is used TRP = 0.8 dB with 95% confidence level and TRP = 0.2 dB for full-sphere grid, indicated by dots in the figure. Note that the small error for full sphere grid is caused by the trapezoidal integration on small number of points on the sphere, whereas a more accurate integration scheme can reduce this error. The major conclusion is that a 15 • step full sphere grid accurately predicts the TRP value for small antennas, cf [9] .
B. ELECTRICALLY LARGE SOURCES
Electrically large sources have large dimensions compared to a wavelength, and complement the case of electrically small sources by using the criterion D ≥ 4λ. Note that any EUT will be electrically large at sufficiently high frequencies.
1) LOW CORRELATION Low correlation between sources is likely for many spurious emissions [17] , excluding harmonics of the fundamental frequency. These emissions can have patterns with narrow peaks in arbitrary directions. Hence, finding and aligning the emission peaks to the measurement grid can be difficult and time-consuming. On the other hand, if the correlation is low, the angular resolution will be low [15] , [16] and the alignment FIGURE 3. TRP error for small antennas (D < 4λ) on different grids as CDF. The small error for full sphere method is caused by the numerical integration. The TRP error is 0 dB at 50% level and the CDF is symmetric with respect to positive and negative errors.
will play a minor role. To avoid the alignment problem and to investigate the effect of sparse sampling for uncorrelated emissions a statistical approach is proposed.
In this method the TRP is calculated for a large number of array antennas of a given electrical size D/λ. The statistical samples include random rotations, see App. VI, and hence the end result will be valid for any rotation of the EUT. Consequently there will be no need for aligning the EUT to the emission peaks. To comply with Sec. III-A the maximum angular step is 15 • and only dimensions D ≥ 4λ are considered.
Antenna arrays are traditionally modeled using a product of an element pattern and an array factor. The element factor represents the radiation of each antenna element and the array factor models the effect of the spatial separation of the elements. For electrically large antenna arrays the angular variation is dominated by the array factor and the element pattern can be neglected. For this reason an array factor model is used and the EIRP pattern is calculated as
Here, d n are the positions of the N radiation sources, w n are the complex amplitudes of each source, andr(θ, φ) is the radial unit vector in the SSCS of Eq. (2). For the sake of simplicity, EIRP patterns and an infinite test distance is used. However, since angular resolution is the same in the radiating near-field [11] the results apply also to this region.
The statistical analysis is based on randomly rotated quadratic arrays of a certain electric size D/λ, see where x n , y n are real normally distributed random numbers with zero mean. This implies that w * m w n = 1 if m = n and ρ if m = n.
The samples of the statistical analysis are generated by the following steps:
1) Make a uniform quadratic array of source points with N row ×N row elements and diameter D, see Fig. 4 , where N row is a random integer in the range 2 to 10. Make sure the source separation
by reducing N row if needed. 2) Rotate the source positions by using a random rotation matrix R rot (α, β, γ ), see Appendix C. 3) Calculate source weights using (17) where ρ is a uniformly distributed random number on the interval [0, ρ max ], where ρ max is a selected maximum correlation.. Normalize the weights such that TRP = 1 on a dense sphere. 4) Calculate TRP grid for the grid and the angular step of interest by using (16) and (12) . Note, several grids and angular steps can be analyzed in parallel in step four. A public Matlab source code is available, see [18] . Note, this method is not limited to the grids investigated here. 10 4 samples are used to ensure statistical convergence. If a negative TRP error is found at the 5% percentile then its absolute value is used as TRP, otherwise TRP = 0. Hence, with 95% confidence the corrected value TRP grid + TRP (15) is an over-estimate of the true TRP.
Empirical Cumulative Distribution Functions (CDFs) for D = 10λ, ρ max = 0.2, and a full sphere grid, are depicted in Fig. 5 . The 5% percentile values used for TRP calculation are indicated by dots. The TRP error is negligible for SF ≤ 1 with 95% confidence. Note that this result depends slightly on the numerical method (13) used to calculate the full sphere angular average.
Values of TRP for different electrical sizes D/λ and max correlations ρ max are shown in Figs. 6 a-c. Three major trends can be observed. Firstly, the two cuts grid has the highest TRP, followed by three cuts and full sphere. This is expected as the spherical coverage gets more uniform by following this sequence. Secondly, TRP increases with SF, since fewer angular points are used to calculate TRP grid . Thirdly, TRP increases with the correlation which is in line with the results found in [15] and [16] . A closer look at these figures shows the same trend for different values of D/λ. This can be explained by the low correlation between sources which reduces the beam-forming gain of the array factor.
2) CORRELATED SOURCES
For correlated emissions the straightforward solution is to measure power flux density on a dense sphere, SF = 1.0. However, this may result in very lengthy measurements. Two ways to reduce the measurement time have been identified. Either, the lobes of the pattern are narrow and the symmetries can be exploited, or the beams can be effectively widened by using a beam sweeping test signal. If a two-cut grid is aligned to the cardinal cuts, then (14) yields an overestimate of the TRP. This is most likely the case for emissions at frequencies close to the operating band. If the symmetries of the antenna are known, a full sphere pattern can be obtained by measuring two cardinal cuts, and then using a Pattern Multiplication (PM) technique to retrieve values outside the cardinal cuts. This is further described in the next paragraph. The beam sweeping test signal is further investigated in Sec. IV.
The proposed PM is based on the possibility to calculate the array factor of a rectangular array as a product of two terms, corresponding to two orthogonal cuts. Assuming an array positioned in the yz-plane, this must be done in two separate forward and backward hemispheres. Therefore, the data is separated in two hemispheres and the estimated radiated powers are added together. The two hemispheres are defined as 5 sin θ cos φ ≥ 0 forward (fwd), ≤ 0 backward (bwd). To exploit the rectangular array geometry, the PM uses the coordinates
The needed data are the horizontal and vertical power flux densities S H r (u) = S r (u, 0) and S V r (v) = S r (0, v), respectively. The power flux density in a point (u, v) is calculated as
where S r (0, 0) = S H r (0) = S V r (0) is the power density at the crossover point. Note that power density at the crossover point is measured in both cuts and these values must be equal with a reasonable accuracy. The TRP is calculated as
Where d = dudv/ 1 − (u 2 + v 2 ). Note that d is singular at u 2 + v 2 = 1 which must be taken care of in the integration, e.g., as shown in Appendix D.
To illustrate the PM method, an 8 × 8 array of z-oriented half-wave dipoles in the yz-plane is used. The radiation pattern of this array in the uv-plane is shown in Fig. 7 where the advantage of transformation to uv-plane is evident as well.
If (14) is used an overestimation of almost 9 dB will result, whereas applying PM will reduce the error to virtually 0 dB. 
C. EXPERIMENTAL RESULTS
To test the performance of the two cut method (14) , experimental data for an emission of a test bed Active Antenna System (AAS) is used. The measured raw data of a vertical cut is depicted in Fig. 8 . The center frequency of the emission is the clock frequency of the AAS and it is well separated from the carrier frequency. Note that the EIRP pattern has narrow lobes in the angular direction, but no clear main lobe. This indicates that the source region is electrically large and has a low level of inter-source correlation. The relative bandwidth of the emission is very small, about 2 · 10 −6 , and has a Gaussian shape with respect to frequency. This indicates that the emission is not related to the radio, which generates a modulated signal with significantly larger bandwidth. The reference angular step (9) in the vertical cut is about 2 • and the used angular step is 1 • . Similar data was measured in a FIGURE 8. Experimental data of EIRP measured in a vertical cut around the clock frequency of an active antenna array prototype. The angular pattern has narrow lobes and the relative bandwidth is less than 2 · 10 −6 . The latter indicates that the signal is not related to the modulated signal and hence not necessarily radiates out through the antenna elements.
horizontal cut, and a reverberation chamber measurement is used for comparison.
Since the emission is in the spurious domain, i.e., well separated from the carrier frequency, pattern multiplication is not used. It is seen in Fig. 9 that the two cut estimate (9) is clearly over-estimating the reverberation chamber result, which is closer to the true TRP value. Finally, the angular steps needed to calculate correct average values in the cuts, see Fig. 10 , are investigated. Acceptable errors can be reached with larger steps than the reference steps. Fig. 8 and a corresponding horizontal pattern are used to estimate the TRP using the two cuts method (14) . The green dot indicates the TRP value obtained from a reverberation chamber measurement.
IV. BEAM SWEEPING
Finding the worst case for TRP assessment of a device with many possible antenna configurations can be a practical challenge. One way to determine the worst configuration would be to assess TRP independently for each configuration in an exhaustive search manner. This can be a very time-consuming procedure. Even if the worst case configuration is known, it can be argued that this static state is not a representative mode for an AAS with dynamic beam forming and beam tracking capabilities.
The following example illustrates the problem. Assume an antenna array with 45 predefined beam positions on a 9 × 5 grid. The beams span 80 • in azimuth and 40 • in elevation, and are uniformly spaced with 10 • between adjacent beams. The embedded radiation patterns [12] of the antenna elements are obtained from Finite Element Method (FEM) simulations in the presence of nearest neighbor elements. Beam positions are studied at the second and third harmonics. In the absence of a complete model for out-of-band phase noise the same excitation is used at all frequencies which exaggerates the correlation level. In Fig. 11 the location of the beam peaks are depicted using the embedded element pattern as background. The embedded element pattern acts as the envelope of the steered beam and hence affects the peak directions. In Fig. 12 the TRP of the beams are shown versus beam index. The TRP values are normalized such that the mean value is at 0 dB for every frequency. It is observed that not only the peak directions, but also the index of the worst case beam is frequency dependent.
Instead of searching for and using a worst case configuration, a sweep through all the predefined beams can be used. During the measurement process the beam sweeping average of the radiated power flux density is measured at each measurement point. This averaging matches well with the fact that TRP is a spatial average of the measured values at different directions. Note, if instead the maximum value would be recorded for each point during the beam-sweeping, the resulting TRP estimate would be overestimated by a large margin.
The effect of using a beam sweeping test signal on the convergence of sparse sampling is shown in Fig. 13 as the error in TRP vs. SF for full sphere and two cuts grids at the third harmonic. Individual beam configurations are plotted in grey to illustrate the spread of TRP error when a fixed beam is used. For both grids it is clear that the beam sweeping test signal will result in smaller errors for larger SF which means that fewer number of samples can be used. This reduction in the number of samples, combined with the fact that only one configuration must be tested, will significantly reduce the total testing time. Regarding the two cut grid, it is noteworthy that the individual beams can lead to errors as large as 10 dB whereas the beam sweeping average leads to an overestimation error of almost 2 dB regardless of SF.
V. NEAR-FIELD MEASUREMENTS
Near-field measurements for TRP is presented in two parts. Firstly, it is investigated in which spatial domain the farfield expression for radial power flux density (4) can be used with a reasonable error. Secondly, the measurement errors associated with measurement of this quantity in the near-field region are investigated.
A. VALIDITY OF FAR-FIELD APPROXIMATION
A back propagation technique based on an SWE [11] , [19] , [20] is used to evaluate the effect of using the far-field approximation of the radial power flux density (4) . This method enables calculation of E and H fields including radial components in near-field using far-field data as the input, see App. VI and [11] . The fields can be calculated in any point excluding the zone r 0 ≤ R sph + R where R is in the order of 1 λ. Hence, the SWE provides a tool to compare the true near-field expression (3) and the far-field approximation (4) of radial power flux density.
As a first example, a four column macro base station antenna with R sph = 0.65 m at 2655 MHz is considered. The TRP is calculated and compared using (3) and (4). The antenna has 4 ports and 13 different tilt settings. Fig. 14 shows the power flux density pattern of one port and tilt setting at 75 cm, 2.5 m and 30 m distance. A distinct sector beam appears in the far-field pattern whereas the near-field patterns have different shape. The radial power flux density is proportional to the EIRP only in the far-field pattern. Still, the far-field power flux density approximation (4) is close to the true expression (3) at all distances r 0 ≥ 0.75 m. The corresponding TRP error is plotted vs. distance in Fig. 15 . 56 curves corresponding to all antenna ports and tilt settings are depicted in this figure. The red triangles at R sph + λ ≈ 0.75m and R sph +17λ ≈ 2.5m in Fig. 15 indicate the distances used in Figs. 14 a-b . In this case, the far-field expression (4) can be used with an error below 0.065 dB all the way into 0.75 m. Note that according to energy conservation the TRP is ideally independent of distance.
A second example depicts the TRP error for two antennas on a laptop, see Fig. 16 . Since a comparison between the two antennas is not intended, data for the two antennas are plotted with the same color. In this case a TRP error below 0.2 dB is achieved by using the far-field approximation at r 0 = R + λ, and below 0.05 dB at r 0 = R sph + 3λ. The far field distances r FF = 2D 2 /λ are based on the mechanical dimensions of the laptop computer.
In the last example, arrays of vertical infinitesimal electric dipoles are used. The relative error in TRP is depicted in Fig. 17 , and the relative error is below 0.05 dB at distances r 0 ≥ R sph + 3λ. As in the previous examples, the far-field distance 2D 2 /λ seems to be an irrelevant parameter when evaluating the error caused by using the far-field radial power flux density approximation (4) in the near-field. Table 1 shows a comparison between the errors caused by back propagation and those of the power flux approximation for the above examples. For each case the largest error is presented. The back propagation error is at least one order of magnitude smaller than the power flux approximation error which verifies that the errors presented in Figs. 15,16 , and 17 are not dominated by numerical errors due to back propagation.
B. MEASUREMENT ANTENNA CONSIDERATIONS
The results of Sec. V-A imply that TRP can be assessed from |E t | if the test distance r 0 exceeds R sph by a few λ. To measure field data accurately, r 0 and the Measurement Antenna (MA) must be handled appropriately [14] , [21] . To suppress influence from radial field components, the MA should be carefully aligned and the EUT should be placed in the far-field region of the MA. Furthermore, the Half Power Beam Width (HPBW) of the MA shall cover the EUT, and to avoid influence from chamber scattering, excessive coverage shall be avoided [14] . Hence, using the relation HPBW = βλ/w [22] and the coverage criterion 2R ≤ r 0 HPBW, cf. upper part of Fig. 18 , implies that
Here w is the width of the MA and β ≈ 1.2 for an open ended waveguide or Standard Gain Horn (SGH). An alternative approach is based on the angular resolution of the EUT field. The received voltage at the MA port can be modeled as the reaction integral [23] V ∝ A E · J a dA.
Here J a =n × H a is the equivalent electric current in the aperture and the integration is over the area of the antenna. If w ≤ r 0 π/M , cf. (26), then E will be approximately constant over the aperture of the MA and V will be proportional to the electric field strength. This is depicted in the lower part of Fig. 18 and leads to
It is noted that (23) is a slightly stricter requirement than (21) . Therefore, (23) is used hereafter. Note to use (23) for any measurement cut, R must be selected as R sph . Moreover, it is noted that r 0 /(R + R) gives an upper bound to w/(λ/2), i.e., at a given test distance there is an upper limit on the width of the test antenna.
In the below examples an SWE truncated by using R = λ, see App. VI, is used for near-field calculations and [24] is used for modeling of the SGH aperture fields. The curvature of the field lines of J a is neglected corresponding to long flared sections of the horns.
An 8 × 8 array of vertical half-wave dipoles at 28 GHz, width 4.3 cm and height 30 cm is used. The exaggerated height-to-width ratio is chosen to increase the deviation of the near-field cut from the far-field. In Figs. 19 and 20 probed power flux density using different widths w is depicted. The radial cut of Fig. 19 is at the positive x-axis. Minimum test distances (23) are indicated by dots, and the corresponding lines show small deviations at larger test distances. For the 8λ probe the minimum test distance is 16(R + λ). It is observed that a w = 0.5λ can be used for power flux density measurement as close to the EUT as R sph +λ. Power flux density in the near field is not close to EIRP/4π r 2 0 since EIRP is a far-field quantity. The horizontal cut of Fig. 20 is at r 0 = 2.5(R sph +λ) and θ = π/2. At this distance, w ≤ 1.25λ is suitable for measuring the power flux density. The intersection point of the cuts of Figs. 19 and 20 is depicted by vertical black lines. Finally, a link budget example for the accepted power [12] P acc = A eff S r at the MA port is given, see Fig. 21 . Here, A eff is the effective antenna area. The optimum width increases linearly with test distance r 0 which implies that the optimum effective area increases with r 2 0 . According to (11) S r fs = TRP/(4π r 2 0 ). Hence, the power accepted by an optimum probe P acc fs is constant (dashed green curve). This is simply energy conservation. If a constant MA is used, P acc fs is proportional to 1/r 2 0 (solid green curve). As an example, the peak signal level is assumed constant near the EUT, and beyond some breakpoint ∝ 1/r 2 0 . The peak accepted power, follows the same trend if a constant MA is used and the minimum test distance is respected (solid blue curve). Using an optimum MA yields max(P acc ) proportional to r 2 0 close to the antenna and constant beyond the breakpoint (dashed blue curve). Note that the peak to average ratio, the antenna directivity G D in the far-field region, is reduced in the nearfield. The maximum Signal-to-Noise Ratio (SNR) is achieved when the probe is used at the minimum test distance [14] .
Performance of two cuts average and Pattern Multiplication (PM) applied in the near-field and for the antenna used in Fig. 15 are shown in Fig. 22 . The overestimation of the two cuts result is reduced at distances close to the EUT and PM performs well at all distances. 
VI. CONCLUSIONS
Challenges with OTA measurement of TRP in the mmW region have been addressed. Investigated challenges are the angular resolution and the search for worst case antenna configuration.
For uncorrelated emissions, 15 • sampling can be used at the expense of adding correction factors up to 2.5 dB based on the assumptions used in this article. Different grid types, two or three orthogonal cuts of full sphere, can be used with no need for alignment of the measurement grid to the EUT. For correlated emissions uv-plane pattern multiplication can be used on two-cut data to reduce uncertainty, both in far-field and near-field.
Secondly, a beam sweeping test signal is presented. Beam sweeping leads to wider beams for correlated emissions, e.g., emissions at harmonics, and therefore a more relaxed angular sampling can be applied. Beam sweeping will also reduce the number of test configurations. Furthermore, such a test signal is closer to real use conditions for devices with beam-forming and tracking capabilities.
Additionally, it has been demonstrated that near-field measurements of radial power flux density can be used for TRP assessment if the measurement antenna and test distance are selected by standard recommendations [14] . Other sources of error, e.g., alignment and field curvature effects, need further investigation.
Finally, for each finite test distance there is an optimal measurement antenna that will provide an average accepted power that is independent of test distance. Therefore, whether measurements need to be performed in the near-field is not fundamentally a question of path loss and signal levels, but rather a matter of measurement chamber size and equipment.
APPENDIX A SAMPLING CRITERIA
The resolution needed to correctly characterize an electric or magnetic field component in a circular cut is presented in this section.
Without loss of generality the cut is defined as the set θ = π/2 and r = d, i.e., a circle of radius d in the xy-plane. Other circular cuts needed to cover a sphere are obtained by rotating the EUT. Any field on the cut is periodic and can be expanded in the following series
where M = kR + N [11, eq. (5.73)] and · denotes rounding to nearest greater integer. Furthermore, R is the radius of the smallest cylinder that encloses the EUT and has the z-axis as symmetry axis. A margin N = 10 is commonly used and corresponds to a dynamic range well above 40 dB in the measured data. The limit M is rewritten in terms of wavenumber and radius as
It is noted that the margin R = (N /2π )λ can be interpreted as an added length resulting in an effective electrical length R + R of the EUT. The increase in radius R is on the order of one wavelength, cf. [21, Fig. 10 ]. The actual choice of R or N is related to the approximation error in Eq. (24) . To accurately determine the coefficients a m (d), and indirectly the field E, the required angular sampling step is [11, eq. (5.76 
The angular sampling step is illustrated in Fig. 23 . Note, M is independent of d and the circular cut can be taken anywhere in the radiating near-field or in the far-field region [11] . From the Parseval Theorem it follows that the angular average which is the relevant quantity for TRP, is
This suggests that the sampling needed for a correct average value is π/M .
A major aim of this study is to investigate how dense the angular measurements must be taken in order to have a decent accuracy in the calculated TRP value. For this purpose the reference angular step is defined by using R = 0, resulting in
When the spherical coordinates (2) are used, the maximum radius in any constant φ cut is the radius R sph of the smallest sphere enclosing the EUT, and the effective radius for the φ cuts is the radius R cyl of the smallest z-directed and z-axis centered circular cylinder that encloses the EUT [11] . Hence, the reference angular steps are defined as
APPENDIX B SPHERICAL WAVE EXPANSION
The electromagnetic fields of an antenna can be represented by a Spherical Wave Expansion (SWE) [11] as
and
where r ≥ R sph and R sph is the radius of the smallest sphere enclosing the antenna. The SWE is valid both in the near-field and the far-field. The sums can be truncated at l = kR sph + N [11] where N is often chosen as 10. Furthermore, the radial functions are where Y lm (θ, φ) are Spherical harmonics and ∇ is the Nabla operator. Note the point-wise orthogonality between the tangential n = 1, 2 functions A lm2 (θ, φ) =r × A lm1 (θ, φ). 
These expressions can be used to compare the actual power density to the far-field approximation |E t | 2 /Z 0 for the modes lmn = 101 and 102, i.e., a magnetic and electric infinitesimal dipole. The results are depicted in Fig. 24 . It is seen that for dipoles |E t | 2 /Z 0 is a good approximation for the power density as close as 1λ from the source. Since any antenna current can be represented as a superposition of dipole sources, this indicates that the approximation is valid also in the proximity of larger antennas. Note that when the form factor of EUTs is not close to a sphere, only a small fraction of measurement points on a sphere will be close to the EUT. Thus calculation of TRP by integration over a sphere will further decrease the error.
The TRP of the SWE is calculated as
The SWE can be used to retreive near-field data from farfield data, i.e., back-propagation. The following procedure is used: Far-field data rE θ (θ, φ) and rE φ (θ, φ) is sampled on a full sphere. This data is used to calculate a lmn . Typically l ≤ L = k(R sph + R) where the actual R depends on the accuracy of the data and the desired precision. For evaluation at radius r, the truncation limit L is adaptively reduced to kr to control amplification of noise [20] . Electric and magnetic fields are then calculated by using (28) and (29), respectively. The back-propagation error is defined as the change in TRP caused by the adaptive truncation.
APPENDIX C ROTATIONS
A rotation matrix can be written as [25] R(n, γ ) = exp(Aγ ) = I + A sin γ + A 2 (1 − cos γ ) (33) where the generator matrix
the rotation axisn = n xx + n yŷ + n zẑ , and γ is the rotation angle in the positive sense around the rotation axis. The far-field pattern for rotated point sources reads F(θ, φ) = n w n e jkr(θ,φ)·R(n,γ )·d n .
To generate random rotations, the rotation axis is parametrized using spherical coordinates (2) n(α, β) =r(α, β),
and the intervals α ∈ [0, π/2], β, γ ∈ [−π, π] are used to generate random rotations. Note that the rotation axis is restricted to the upper hemi-sphere since R(n, γ ) = R(−n, −γ ).
APPENDIX D THE UV -PLANE INTEGRATION
As described in Sec. III the integration of Eq. (20) involves a singularity along the edge of the visible region in uv coordinate system, i.e., u 2 + v 2 = 1. In order to resolve this singularity, the following change of variables is used u = 1 − ξ 2 cos α, v = 1 − ξ 2 sin α.
The infinitesimal solid angle is
Therefore, the radiated power in the forward hemisphere becomes 
where S fwd r is the power flux density in the forward hemisphere. Finally, two test cases are given for code testing, see Table 2 . Test case (a) is separable in uv-coordinates, and therefore the PM estimate is identical to the true TRP. 
